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Abstract: International research has revealed different roles of mathematics in the practices of
engineers and some implications of mathematics teaching for engineering students. Modeling and
mathematical models have proven to be valuable tools for their professional work and for their
teaching process. This study identifies opportunities offered by a process of analysis of a mathematical
model in the training of engineers. For this analysis, an interpretation of mathematical models
as an object—user-representation triad was used; mathematical models were also considered a
pedagogical approach to mathematics teaching. Based on this approach, a qualitative study was
developed. A teaching experiment was designed, in which, through a set of tasks, the analysis of a
model describing the percentage of moisture removed in a radial airflow food dryer is considered.
Results show that students evidenced a comprehension of the model function as a covariation
relationship and implemented strategies for understanding it through the graphs in the model.
The situated character of students’ reasoning and their experience with professional practices of
engineers are also highlighted.

Keywords: mathematical model analysis; mathematics education; engineering education; mathematics
and engineering integration; teaching experiments

1. Introduction

International research highlights the need for future professionals to have experiences in which
mathematics is linked to phenomena and situations of their professional field [1-4]. Romo-Vazquez [1]
points out that the understanding of mathematics in professional environments is subject to its practical
use; on the one hand, this happens since mathematics in more advanced dimensions tends more and
more to be the charge of specialists or computer programs; on the other hand, because the needs
of non-specialists seem to shift towards the ability to use mathematics as a communication tool
among specific languages. According to Romo-Vazquez [1], this fact helps to explain why its role is
under-recognized. Taking into account the professional practice of teachers, Romo-Vazquez [4] used
mathematical modeling as a tool in a mathematics course for future teachers. They integrated key
aspects of professional practice into the course, including the design of tasks, their adaptation to school
contexts and the development of field experiences with students, along with reflection and feedback
on the experience. Regarding professional training of engineers, Rendén-Mesa and colleagues [2]
designed a strategy in which future professionals carried out projects related to their professional field;
the experience developed in a multi-disciplinary context, including the use of professional situations,
the problematization of student’s approaches and the interaction with experts.
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The contributions of mathematical modeling to the professional training of engineers is an ongoing
research topic in the international literature [1,5-7]. For Gainsburg [7], modeling is a central and
ubiquitous activity in engineer professional work, leading to some of its greatest intellectual challenges.
However, not all engineers get involved with the construction of models; sometimes, they just learn to
use models or adapt them to diverse forms of representation and degrees of abstraction, interpreting
and finding their meaning and plausibility in the real world. In this regard, engineers rarely create
a new model; rather, they select a known standard model, with known solutions, and adapt or modify
it slightly [1,8]. In this sense, educational research, in addition to accounting for ways to integrate
modeling in the training of engineers, should also consider contexts, practices, and uses of already-built
mathematical models and their use as a training tool for future engineers.

Based on these considerations, this investigation aimed to identify the opportunities offered by
the study of mathematical models in the professional training of engineers; for doing that, classes and
environments that promote a mathematical and professional training of engineers should be designed.
In particular, this article aims to answer the two questions: What are the opportunities that mathematical
model analysis offers for mathematics learning? What are the opportunities that mathematical model
analysis offers for food engineering? To answer these question, this article is organized into five sections
besides the Introduction. The first one focuses on offering a theoretical perspective on the notion of
a mathematical model and how its analysis is conceived as a pedagogical tool. After that, a description
of the participants of the study and the design of the tasks of the teaching experiment is offered. In the
third section, the analytical tools are presented. Then, the results of the study are described and
discussed based on the theoretical references. Finally, the conclusions of the study are offered.

2. On the Notion of a Mathematical Model

Mathematical modeling, in the perspective of mathematics education, can be considered as
a research domain that seeks to investigate, among other aspects, the competences, meanings and other
possibilities offered by contexts, models, constructions of models and interdisciplinary relationships,
in connection to the mathematical training of students at different levels of schooling [9]. From a
conceptual point of view, modeling can be considered a “translation” tool between two systems (one
of them being mathematical and the other extra-mathematical). For instance, Lesh and Caylor [10]
have conceived modeling as a way to design, treat and think in a mathematical system, about elements
emerging on another system, whether real or imaginary. The interrelationships between these two
systems can be diverse, generating different objects, purposes and ways of modeling.

As argued in the previous section, mathematics teaching should not always focus on model
creation; some teaching efforts should be concentrated on the use and analysis of already-built
models [1,11-13]. A look at the international literature shows that there is not a homogeneous
interpretation of the term (mathematical) “‘model’, nor of the scope and implications that it has
for education in science and mathematics. Consequently, the epistemological status of models is
an open debate [13]. Among other interpretations, mathematical models can be considered theoretical
constructs, structures, or representations. Lesh and Caylor [10] consider models as systems useful to
design or make sense of other systems; for these researchers, the main way to differentiate mathematical
models from other types of models (in fields such as physics, chemistry, statistics or biology), is that the
former focus on the structural properties of systems, rather than on their physical, chemical, statistical
or biological properties.

According to Giere [14], models involve a triadic representation relationship among a user,
the represented object, and the representation. In a classic example, Giere [14] describes the
map-user—city system as a model; the object map (representation) is used (by users) to represent
another object (the city). In other words, there is a representation relationship between the represented
object (the city) and the representing object (the map). This relationship is established and employed
by users. It is in this sense that it is customary to say that the map is a model of the city. Based on
this notion, Villa-Ochoa [13] proposed the analysis of a fetal growth model by future mathematics
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teachers; he noted that, in the school environment, teachers and students intervene as ‘other users’;
from this fact, he highlighted that, in addition to the representation relationship, other relations are
constructed (e.g., meaning, understanding, use) among the different users, the represented object and
the representation.

The analysis of mathematical models has been proposed as a pedagogical approach to mathematics
teaching and learning [11-13]. This approach is based on the fact that, in the study of a specific situation,
it is not only necessary to produce models, but also to know, use and analyze existing models built
for that situation. According to Villa-Ochoa [13], students can understand the mathematical model
and use it to solve different problems, find inconsistencies and regularities, understand phenomena
and interpret them and, in some cases, generate predictions. He considers that the discussion of new
mathematical concepts can also be achieved by making references to a real situation. Villa-Ochoa [13]
also notes that the visualization of a phenomenon in a graph provides information not perceived
by students when merely algebraic solutions are presented; therefore, the graphic representation
contributes to a greater understanding of the studied phenomenon and renders it more friendly
and clear.

Some studies have shown that the teaching of mathematics is not related to the daily practices
of engineers [1,15]. Therefore, it becomes necessary to study and promote educational practices
that generate stronger links between mathematical procedures and mathematics as actually used
by engineers [8,15]. These links should generate horizontal relationships between mathematical and
engineering knowledge and practice [15]. This perception is based on the fact that, apparently, students
often focus more their attention on mathematical details than on the studied model. Furthermore,
these authors consider that when engineers use equations, graphs, diagrams, etc., they are already using
models; so, models are not post-constructs, but represent a starting point to refer to the phenomena
to be represented. Then, it is possible that using and analyzing models may emerge as one of the
first steps before carrying out broader modeling and mathematical modeling processes. According to
Romo-Vazquez [1], the modeling process is commonly incremental, that is, it consists of a fine-tuning
of existing models based on experience and practice, including the results of modeling failures [1].

3. Materials and Methods

In order to address the research question, a qualitative study was conducted to identify the
opportunities offered by the analysis of mathematical models in the professional training of prospective
engineers. This methodology was chosen as a form of empirical inquiry that allows for an in-depth
exploration of a phenomenon. In this study, the phenomenon was the analysis of the mathematical
model by students. According to Creswell [16], other characteristics of qualitative research are:
(i) stating the purpose and research questions in a general and broad way according to the participants’
experience; (ii) “Collecting data based on expressions of a small number of individuals so that the
participants’ views are obtained” [16]; (iii) “Describing and classifying data using text analysis and
interpreting the larger meaning of the findings” [16]. The qualitative research reported in this article
was developed in a mathematics course prior to differential calculus. This course is offered to first
semester students in food technology and engineering programs at a public university in Colombia.
This section offers a description of the class, the research design, the collected data, and its analysis.

3.1. The Course and Participants

The course in which the empirical part of this research was implemented was carried out in
the semester between January and June of 2015. This study was developed in a program offered
at a University campus located 2.5 h far from the city of Medellin. The course took place in 8-h
sessions over eight weekends. The purpose of the course was to promote algebraic and geometric
concepts and tools to prepare students for differential and integral calculus courses. The course teacher
(co-author of this article) is a food engineer with experience in setting up and managing small food
businesses. The teacher, together with the research team (the other authors of the article) designed
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a set of tasks to promote mathematics learning through analysis of mathematical models. The design
was implemented in sessions 3rd and 4th of the course. Nine students (17-19 years) participated in
the research. They lived in rural places or small cities close to University Campus and were taking
the mathematics first-semester course in Food Technology program. All students signed an informed
consent. All names used in this paper are pseudonyms. The collection of research data was carried
out through dialogues and extra-class interviews. The sources to collect the information were student
work documents and videos of their participation in the sessions, as well as interviews and dialogues.

3.2. Design and Implementation of Teaching Experiments

Teaching experiments are a type of intervention-based methodology used in mathematics education
research to study how students learn [17]; they seek to meet two fundamental objectives, namely:
(a) improve teaching practice through didactic engineering approaches, acting on teaching-learning
problems, and (b) increase the theoretical understanding of the context related to these problems [18].
These experiments include the design of tasks and a framework for analyzing student reasoning and
actions. They should be conducted in real classes, focus on teaching and learning problems, and offer
solutions based on theory. [18]

To start with the design of the teaching experiment, the researchers inquired into types of
mathematical models used by food technologists or engineers. The results allowed an approximation
to the use that engineers make of mathematical models [15]. As a result, the importance of the
interpretation of graphs, knowledge of food processes and engineering design were identified [19].
A literature review was carried out in different specialized journals. For doing the search, the Boolean
operators “food and mathematical modeling” and “food and mathematical models” were used.
The search generated more than 5000 titles; the results were refined looking for the relation of models
and modeling with industry and food processes; If the title suggested this relationship, the summary,
the keywords, and the mathematical model were also read. Articles related to the use of mathematical
models to predict, control, and describe production processes or product conservation, were selected.
Relationships between mathematical models and mass and energy transport phenomena were also
taken into account. The models were selected considering the algebraic and geometric topics of the
course and according to engineers’ practices within the academic level of the students.

After the whole search, two mathematical models were selected. The first one modelled mass
transfer processes (dehydration) and the second one modelled energy transfer processes (cooling and
heating processes). On each of them, a set of activities was organized, generating a set of statements
and actions that were structured according to specific purposes. This article analyzes the activity
set that was created for the first teaching experiment. Table 1 describes these activities and their
purpose. Emphasis was placed on graphic representation and on the establishment and understanding
of the relationships among modeling-variables. This decision was based on the guidelines previously
presented. [6,11].

3.2.1. Task 1 (T1)

Understanding the context. A lesson guide with a description of the drying phenomenon is
presented. Questions are presented and homework on the context is proposed. The purposes of this
task are (i) to provide information on radial airflow drying equipment; (ii) to recognize the dehydration
of food as an activity of food engineers and (iii) to differentiate types of drying and factors involved in
the drying process (surface, temperature, airspeed, etc.).

3.2.2. Task 2 (T2)

Recognition of the role of mathematics for phenomenon understanding. A model of the percentage
of moisture removed (%H) for cassava was used [20]. The model describes the relationship between
the percentage of moisture removed (%H) for cassava and the degree of dehydration through airflow.
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This model is expressed by a function between percentage and cassava quantity (C), surface/volume
ratio (A/V), fan speed (V), and the recirculation air control temperature (T)

%H = 8.0826 — 0.006603 (C) + 41.2561 (A/V) + 2.8028 (V) + 0.2792 (T). 1)

The students were asked for an “initial” description of what the model expresses about the
phenomenon. The purposes of this task are (i) to recognize the actions taken by students to analyze
the model as a multivariable function and (ii) to promote the recognition of variables and trends,
the description of relationships between variables and the estimation of results according to the
variables under study

Table 1. Summary of results.

Tasks/Activities Outcomes

The students stated that they recognized a radial airflow food
dryer and some of its features. They used terms such as ‘model’,
‘temperature’, ‘design of machines’ (dryers), ‘the need to

T1. Understanding the phenomenon: measure and control temperature’, and ‘the need to know the
indexes of some foods’. They also identified quantities and direct
and inverse relationships between them. They gained insight
into the need to quantify variables through measurement.

Students recall knowledge about functions and their graphical
representations; knowledge of Geometry and measurement,
notions of surface, area, volume; and other concepts from other
areas such as temperature, mass, heat, density.

Students understood the meaning of mathematical concepts and
terms linked to the context of the application of the model.
Students stated that they had recognized ‘a dependency’
between the moisture percentage and other variables and
quantities; however, there was no recognition of the conditions
under which a quantity could be constant or variable or how
variations in one quantity affected other quantities.

T2. Recognition of the role of mathematics
for phenomenon understanding.

Students evinced reasoning capacity about covariation between
quantities (for instance, coordinating direction of change of one
variable with respect to other-variables change). Examples were
offered on food processes that describe similar trends to those
found in the mathematical model.

T3. Interpretation of
graphical representation.

Students investigated the behavior of the moisture percentage
based on other variables of the model. For doing this, they
assumed the other variables were constants and created sliders to

T4. Use of the model. variate them using the Software GeoGebra (version 6, developed
by Markus Hohenwarter et al., Linz, Austria). They constructed
images of ‘multivariate” behaviors by manipulating the sliders
and observing the ‘effects” on the function.

They interpreted trends, intercepts on the axes, negative values
in the range of the variable and possible values of the result or
outcome variable according to the variation on one or more
variables in the model.

T5. Model understanding.

3.2.3. Task 3 (T3)

Interpretation of graphical representation. The following graphs (Figures 1 and 2) were presented
to students who were asked to describe the cassava drying process.
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Moisture removed (%) vs Temperature (°C)
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Figure 1. Relationship between moisture removed and recirculation-air control temperature for one
kilogram of cassava with two levels of speed and the surface-to-volume ratio. Source: Durango and
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Figure 2. Relationship between the percentage of moisture removed and recirculation-air control
temperature for two kilograms of cassava with two levels of speed and the surface-to-volume ratio.

Source: Durango and Colleagues [20].

A presentation and discussion about the interpretation of the graphs were undertaken in class.
The purposes of these tasks were (i) to recognize trends of the variables for the percentage of moisture
removed, (ii) to promote an interpretation of a straight line as a trend and descriptor of a relationship
between variables and (iii) to describe the experience of the creators of the model gained when
comparing the variables air temperature, percentage of moisture removed, and the amount of cassava

in the dryer.

3.2.4. Task 4 (T4)

Use of the model. The students were invited to:
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e  Solve specific cases about data given in the model. Students constructed graphs by simplifying the
model to functions with one independent variable and assuming the other variables as constants.

e  Discuss limit, possible and not possible cases. The identification of cases was promoted through
the questions what would happen if ... ? Itis possible that ... ?

e  Recognize the effect of the change in one of the variables over the other variables. An interpretation
of the change was promoted through questions such as: What happens to the percentage of
moisture when the independent variable changes? How much does it grow as ... ? What happens
in an interval like ... ? Why does that behavior occur?

The purposes of these tasks were (i) to promote the use of the model to analyze specific cases and
(ii) to identify possible uses and limitations of the mathematical model.

3.2.5. Task 5 (T5)

Model understanding. The students were invited to:

e Describe the importance of the model against the context. Questions that were asked included:
What does the model say about the variation of the moisture percentage? Ask questions that can
be answered with the information provided by the model. Ask questions that cannot be answered
using the model.

e  Report on how the model affects the quality of the dehydrated product. Questions were asked that
allowed the students to manipulate and control the variables, so as to have an optimal moisture
percentage, guaranteeing the quality of the cassava.

e  Report on the learning obtained after model analysis. The students described their learning about
the utility of this model in their profession. They also described how they could use it in future
professional practice.

The purposes of these tasks were (i) to identify practices carried out by students and its relation to
professional practices and (ii) to promote connections between students” mathematical understandings
and professionals’ knowledge and practices.

3.3. Analytical Tools

Based on the theoretical approaches presented above, two analytical tools were formulated.
The first one is based on mathematical reasoning and understanding, and the second one is based on
the use and analysis of models in the professional field of training.

The first tool allowed for focusing attention on the mathematical processes emerging from the
model analysis. The approach used by Javaroni and Soares [12] was adopted. According to the authors,
the analysis of models promote activities such as (i) the study of the phenomenon in question; (ii) study
of the hypotheses considered for the elaboration of the model; (iii) understanding of what the model
says about the phenomenon; (iv) study of the behavior of model solution(s), relating this behavior to
the phenomenon and the hypotheses considered; (v) study of influences of the model parameters on
the behavior of its solution(s), which allows making forecasts and analyzing the influence of possible
interventions on the phenomenon; (vi) analysis of the limitations of the model.

The second tool adopted the approach used by Dillon [6]. For Dillon, engineering practice is
explicitly focused on design: the process of building devices (which can range from simple components
to complex systems and plants) that behave in specific ways. For this author, the notion of design
involves a large component of visualization, and he argues that engineers keep coded information
as images they see in their “mind’s eye.” Furthermore, he states that “a large part of engineering
information is recorded and transmitted in a visual language that is, in effect, the lingua franca of
modern-world engineers”. The decision to analyze graphical interpretations and uses was based on
the fact that, in particular, food engineers require capacities to interpret and analyze graphs, both to
infer trends and behavior of the variables, as well as to understand and develop specific methods in
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food processing; for example, the choice of processing conditions may be determined from a plot of
log time versus temperature, or by the method of graphical analysis of heat penetration data [21].
Based on these two tools, the analysis focused on identifying and coding the data that, on the one
hand, accounted for the mathematical processes that the students evidenced when they studied and
analyzed the proposed models [12]. In this case, emerging codes such as “reasoning”, “understanding”,
“views of covariation” and “visualization”, were identified. On the other hand, data offered evidence
on the ways of understanding, visualizing and describing the behavior of the systems represented
in the model (diagrams, sketches, graphs, engineering drawings, scale models, etc.); in this case,
codes such as “food process knowledge”, “process representation”, “graphic” and “outline”, emerged.
As the analysis was carried out, the results were compared by the research team. Based on this,
they returned to the data to look for more evidence that would support or contradict the inferences

that were emerging.

4. Results

According to the analytical criteria presented in the previous section, the results were organized.
They show opportunities to reason with functions in specific contexts and articulations with the
professional field of action of food engineering. Table 1 presents the results summarized by each of the
tasks proposed in the teaching experiment.

In the first task, the students valued the possibility that in a first-semester math course they
would be allowed to study a specific phenomenon of their discipline. The information provided
in the lesson guide allowed them to recognize the presence of different factors and variables that
intervene in the drying process of some foods, among them, the type of equipment available for drying.
The students, as users of the model, committed themselves to mathematically understanding their
relationships, but beyond that, they committed themselves to understand the context in depth; as a
result, they recognized the presence of unconsidered variables in the phenomenon and discarded other
variables that they initially considered relevant.

In the second and third tasks, the analysis of algebraic and graphical representations required the
students to simplify the variables in order to understand some of their relationships. In this regard,
the use of software for the dynamic treatment of Cartesian graphs was decisive, both for the visualization
of the relationships and for the ‘manipulation” of the model. For that purpose, the software GeoGebra
(version 6, developed by Markus Hohenwarter etal., Linz, Austria, https://www.geogebra.org/?lang=en)
was chosen. Another aspect to highlight these tasks was the opportunity they offered for students to
reason with the covariation between variables [22,23]. After delimiting the quantities that made up
the model, the students committed to understanding the dependency and covariation relationships
between them. The fact that the teaching experiment provided the mathematical model influenced
students to ‘create’ strategies to analyze multivariable ‘dependency’. These strategies involved the
concepts and tools of the course.

The students stated that initially, they did not have the tools to represent a multivariable function;
however, they used their perception and recalled previous knowledge about the phenomenon to point
out relationships about covariation [22,23]; for example, during a class session, students recognized
that the higher the temperature, the greater the loss of moisture. They also realized that this type
of relationship was influenced by the presence of other variables. For the students, it became clear
that the temperature had to be supervised. According to Berta, “[it has to] grow in a controlled way,
because otherwise, there is a risk that the product burns or is not processed in its interior”. This type of
conceptualization was studied in greater detail during the third task of the teaching experiment].

As students progressed through the proposed tasks, they found possibilities to refine their
understanding of the variables and the covariation relations. For example, in the third task, students
observed a direct relationship between the percentage of moisture removed and air temperature
(Figures 1 and 2). However, they also inferred that, although in both graphs the variables and the
direction of the relation were the same (direct covariation), the values varied depending on the quantity
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of the product to be dried. In other words, other variables (which were assumed to be different constant
values) were interpreted as a means to control the relationship.

In task 3, for example, Albert demonstrated his ability to identify the relationship between
the variables and to interpret it within the framework of the studied phenomenon. In Figure 1,
the student observed the temperature of 60 °C and compared it with the corresponding value in
Figure 2. The following table (Table 2) presents the comments made by each of the students.

Table 2. Comments by students on task 3.

Student Comments

In that of 1 kg, more [moisture] is removed because 50% comes out and, in the other, a smaller

Albert o
et quantity, given the same temperature value.

Maruja [... ] with more cassava, less moisture is removed [indicating the height of the lines].

Berta The temperature varies, the higher the temperature the more moisture is removed, and it also

seems a linear function.
Dav Yes, it is a dependency relationship because, if temperature increases, the percentage of moisture
y removed increases.

Eder It varies.

Rémulo There is a dependency relationship as in the velocity graph [Making reference to the graph of air

velocity vs. moisture percentage].

Each of the comments in Table 2 can be interpreted as examples of the relationships that students
establish between the covarying quantities. For example, for particular cases, Albert noted the amount
of change; Maruja, Berta and Davy noted a direct correlation between the quantities (coordination of
the direction of change); Eder and Rémulo noted the dependency relationship between the variables
(coordination of variables). In summary, Table 2 shows that the coordination and direction of change
are notable facts [22,23].

In Task 4, students constructed Cartesian graphs in GeoGebra to represent the covariation between
the percentage of moisture removed and the other variables. Once one variable was set, the others
were considered constants whose value could be controlled through sliders.

When studying the relationship between the variables quantity of cassava and percentage of
moisture removed, Romulo stated that when the amount of cassava was increased, the percentage
of extracted moisture decreased. The other students agreed with this assessment. Subsequently,
the professor asked the students to change the values of the sliders in the software. Romulo increased
the slider that corresponded to the amount of cassava on the graph and observed what happened
for amounts greater than 6000 g. After that, the teacher asked the students to interpret the effect of
changing the sliders. This fact generated the following dialogue.

Maruja: no moisture is removed because there is a lot of it [cassava] in the dehydration equipment.

Albert: then the relationship between quantity and percentage of moisture is inverse.

Maruja: It does not continue extracting. If the result is negative, then the opposite happens;
it provides moisture.

Research: Would it be logical to get moisture?

Maruja: No, but in functions, you see a lot of negative results.

Berta: Yes, it is a lot, like when we fry many potatoes

Research: Can you explain?

Berta: Yes, [for example] when we put a lot of [potatoes in the fryer] they don’t become toasted.

In some way, it could be observed that although students analyzed the model using its graphic
representation, they also tried to relate their analysis to the dehydration process itself. That is,
their reasoning was not detached from their understanding of the situation. This interpretation is
based on the statements of Maruja and Berta; for example, Berta offered an example using an analogy
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of the studied behavior. Maruja tried to answer at a mathematical level and in the context of the
studied phenomenon. According to Soares [12], there seems to exist an ability to interpret the result
of the model in the context in which the problem was stated. In the case of the participants in this
research, this ability was evident in the recognition of the correlation between the variables and, mainly,
in the attention focused on the direction of growth and decrease of covariation. When analyzing the
correlation between the two quantitative variables, the students observed the linear trend and the
direction it followed. Based on this, they concluded whether the correlation was negative or positive.

As well in Task 4, the relationship between the variables quantity of cassava and percentage
of moisture removed was studied. Extrapolations between the phenomenon and the mathematical
activity emerged when manipulating the graph in GeoGebra by considering increasing values on
the X-axis. As a result of his analysis of the model using its graphic representation, Rémulo pointed
out that the dehydration process presented a problem when using amounts greater than 7 kg of
cassava. He expressed: “I think the model fails for such large amounts of cassava”; for the student,
the negative results were not coherent in light of the phenomenon studied; in parallel, Maruja expressed
her understanding of the graph with an explanation that involved her understanding of functions;
for Maruja: “when it comes to functions, negative results can be obtained for Y, although in reality that
does not happen”. It is possible that students were implicitly establishing intervals for the values that
could be used in the model according to the results they obtained. In this case, the estimated coefficient
for the variable quantity of cassava was negative, which indicated that as the quantity of cassava
varied, the percentage of moisture removed from cassava (%H) decreased by a factor of 0.0006603,
keeping the other variables fixed. In Task 4, in addition to the graphical and algebraic interpretations,
an opportunity to study metric and geometric relationships emerged. When the students analyzed
the model represented in Figure 3, the teacher questioned them about the influence that variable
A/V would have on the extraction of moisture. From the proposed model, it could be seen, for each
unit, that the surface/volume ratio increased, the percentage of moisture removed (%H) for cassava
increased by a factor of 41.2561 units, keeping constant the quantity of cassava (C), the fan speed (V)
and the recirculation air control temperature (T).
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Figure 3. The relationship of %H vs. area/volume (A/V).

The question about the relationship between the variables percentage of moisture removed and
ratio A/V (ratio surface/volume) sparked a discussion about the interpretation of the A, V and A/V
quantities. These amounts were associated with the approximately cylindrical shape of the cassava
pieces that were being dehydrated. To understand how these quantities were related, the students
and the teacher took on the task of building in GeoGebra a representation of a “dynamic” cylinder
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in which the area and volume could be manipulated depending on the radius and height of the
cylinder (Figure 4). According to Soares [11], this exploration with the sliders and the establishment
of relationships between the quantities A and V could be considered an ‘experimentation” through
the software.
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Figure 4. Ratio A/V and its dependence on the values of radius and height.

To promote reasoning about the covariation between A and V, the teacher suggested that students
described the relationship between changes in sliders of A and V and changes in the ratio A/V. Then,
he proposed to compare some possible cases for the values of A and V and describe the effects they
would have on the ratio A/V. The references to small or big in Table 3 point to those two variables,
whose values were between 0 and 1 or greater than 1 respectively.

Table 3. Student considerations on the effect of A and V values over A/V ratio.

Values of A Values of B How the Ratio A/V Behaves

Small Small Results in a small number

Small Big High, around 1 or more
Big Small Varies between 0.05 and 0.53
Big Big Big

From the manipulation of the sliders and the experience summarized in the previous table
(Table 3) the teacher asked the students about their interpretation and identification of patterns between
quantities. The following were the student responses:

Eder: With large radius and small h there is more extraction because the ratio is high.

Albert: It is preferable if cassava is thin.

Berta: So, when we fry potatoes it is easier if they are thin.

Eder and Berta: So, the height should be very small.

It was observed, for example, that Eder interpreted an inverse correlation relationship between
the quantities, while Albert and Berta used their inferences to justify some actions in food dehydration.
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By observing this representation of A/V, the students were able to identify a way to achieve high
relationships (values above 1) for this variable; also, Berta related again the conclusion with a process
familiar to them: the frying of potatoes. A similar example had previously been used to explain the
results in terms of a phenomenon well known for the students.

5. Discussion

Graphically-represented mathematical models play an important role in science and engineering
and, therefore, in educational processes in those fields. The complexity of present-day technology,
design, information revolution and health, and social crises require innovative solutions, which,
in turn, require the training of professionals with capacities to interpret, understand and analyze
different situations, and with abilities to offer feasible variants to problems and its consequences.
Future professionals need to develop abilities to understand situations and phenomena based on data
and information; above all, they need abilities to find the meaning that such information has in the
context of each particular problem.

As observed in this article, the analysis of mathematical models offers opportunities for students
to visualize and interpret trends and relationships between variables, infer results, and use them to
make sense of situations and problems of their professional field. Through a set of tasks, the model
to analyze the percentage of moisture removed enabled students to reason with functions and their
covariation [22,23]. That is, the students evidenced an understanding of coordinated change, directional
change and, with the use of the sliders, they also realized the relationship between the amount of change
of a variable (slider) and the effects on the function being modeled. The use of sliders emerged as a tool
to achieve a more comprehensive understanding of the model, even if the graphing of multivariate
models was not within the scope of the mathematical contents of the course. Students’ reasoning
throughout the experiment focused on understanding the dynamic nature of functions and the ‘effects’
that a changing variable has on a dependent variable (%H), keeping the other variables constant.

The students also reasoned on the effect on the independent variable when two variables are
simultaneously changing. In general, even though the sliders allowed them to quantify some of the
variables, they were mainly used to reveal the effects that a variable has on the change of some functions.
On the one hand, this type of understanding of functions as covariation prepares students for a future
study of calculus, since an important part of the problems of the students in these subjects derives
from the dynamic nature of the concepts of the subject [22-24]. On the other hand, opportunities
were also offered for students to study models through their graphical representation, involving the
recognition of variables, the use of conventions for graphing (axes and scales), the use of software,
the understanding of variation and some mathematical notions, contexts and objects related to food
professionals. These elements are key within the components of graphing as a social practice [19].

During the development of the activities, there was also an opportunity for the students to
understand metric and geometric relationships between area and volume. Two related aspects are
worth noting: the first of them is the possibility of understanding the variation of quantities A and V in
terms of the radius and the height of the cylinder; the role of the Software GeoGebra was important,
since through the manipulation of the cylinder radius and height sliders it enabled the students
to manage and comprehend the changes in the dimensions of the figure, the variation of the area,
the volume and the ratio A/V. The second aspect important to note is the students’ understanding of the
ratio A/V and its use in the moisture percentage model. As observed in Figures 3 and 4, even though
the quantities A and V appear in the model, the variable that needed to be taken into account in the
model was the ratio between them (A/V). According to Molina-Toro and colleagues [25], the software
was used as a support for the mathematical activity of the students. The software allowed model
analysis to have components of interpretation, exploration and manipulation of variables, as well as
the identification of regularities and the establishing of relationships; in some episodes, it also allowed
the manipulation of geometric objects to recognize relationships between the quantities involved.
The manipulation of the software also allowed the students to coordinate the changes in A and V
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independently and focus on the behavior of the ratio A/V as a new quantity. In the words of Thompson
and colleagues [23], this is evidence of the understanding of a quantity as a multiplicative object. In the
analysis of the model, the ratio A/V as a new quantity was also limited according to the conditions
that the context places on the radius and height dimensions of the cylinder, which in the phenomenon
represent pieces of cassava.

Although the sketches and graphs constructed by the students were continuous lines, there was
no clear evidence of their understanding of the continuity of the functions. Continuity is used by
food professionals, for example in optimizing thermal processing conditions in which, under certain
conditions, graphs are constructed based on instantaneous heating followed by instantaneous cooling
of the product. In this teaching experiment, the study of continuity was not promoted since the
mathematical support for the understanding of the phenomenon did not require the concept. In calculus
courses, the study of mathematical continuity is expected to depend on the uses that these professionals
make of it in their professional practices and in the solution of real problems.

The understanding of a function as a covariation relation, as well as the comprehension of the
mathematical model, was frequently linked to the context. This link could be observed at least in two
moments: firstly, in the description of the variables as a description of the modeled quantities and not
simply as abstract quantities; in fact, the acts of interpretation were mediated by students’ reference to
variables as real quantities associated with the phenomenon; secondly, students used and interpreted
the mathematical results to support certain facts (real or imagined) of food dehydration; their frequent
reference to the phenomenon when reasoning suggested that the analysis of mathematical models
provided opportunities for situated reasoning, in this case, covariational situated reasoning in the
frame of professional practice.

Dehydration is a traditional method of food preservation. This method is also used to produce
special foods and food ingredients and to process food industry by-products. There is a wide variety of
industrial food drying equipment, mainly empirically developed, but continuously improved by recent
advances in food drying and engineering technology [26]. The first activity of this teaching experiment
offered students information about a radial airflow food drying equipment and also presented them
with a mathematical model describing the percentage of moisture removed. Accessing the model
enabled them to consider the variables involved in moisture loss and their relations with the shape
and characteristics of the equipment.

Engineering students need to develop analytical abilities that enable them to understand
phenomena and identify and solve problems through innovative and efficient methods. In the
particular case of this study, opportunities were offered to identify variables, behaviors, relationships,
and effects of changes in one variable over other variables’ behavior. These analytical abilities were
also observed in the comprehension of a phenomenon based on the behavior of its model variables.
Students studied the influence of the model parameters on the behavior of its solution(s) and were able
to predict and analyze the influence of possible actions on the course of the phenomenon. These results
support the studies made by Soares [11] and Javaroni and Soares [12], who argue that this type of
behavior characterizes the analysis of mathematical models in a pedagogical approach. Furthermore,
as in the case of Romulus, students identified limitations of the model to describe extreme cases of
the phenomenon.

The analytical abilities of food engineers are evident in their professional practices. For example,
these engineers must analyze and evaluate processes. In this type of practice, they need to determine
the value of F for a given time or the required time for a given F value. For doing this, professionals
can determine and analyze the heat penetration curve to get the appropriate values. Another example
in which a graphical approach is also useful is in the processes of optimizing thermal processing
conditions. In these types of practices, they have to choose the processing conditions, which can
be determined from a graph log-time versus temperature. These graphs include two straight lines
representing constant values of F and C. Those professional practices are slightly different from that of
students in our teaching experiment; however, the graphic approach in the analysis of the model is
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similar in both cases. Table 4 summarizes the main actions of the students during the analysis of the
mathematical model.

Table 4. Student considerations on the effect of A and V values over the ratio A/V.

Action Context

Students explained observed changes as the graphs increased or
Explain changes decreased. These explanations were initially based on the direction of
change rather than on the rate of change

Strange results for the phenomenon were estimated using the graphs
and interpreted for the phenomenon using their understanding
of functions.

Explain results in
mathematical terms

Compare with models and Finding strange results, students turned to the use of mathematical
make conclusions models to determine conclusions.
Explain results in terms of By looking at the results on the graphs, students responded in terms of
the context the studied process.

Given the need to explain a result, students compared the results of

Compare processes the graphs with the results of known processes.

When finding strange results for the phenomenon, intervals in which
Determine model limitations the model provided logical explanations were determined. The model
was said to be limited to some domain values.

When finding strange results, students concluded that the model was
limited and looked for ways to make it work again by manipulating
other parameters.

Manipulate parameters and
overcome the emerging limitations

Students manifested the ability to interpret the results considering the
common characteristics of the phenomenon with other phenomena
known to them.

Determine comparatively the
understanding of other processes

These actions were observed in a classroom environment that, in addition to studying a context
and promoting the learning of mathematics, had as its main purpose the search for articulations with
the professional field. According to Rendén-Mesa and colleagues [2], an understanding of the context,
the problematization and the dialogue between disciplines was sought. For this reason, the teacher was
continuously attentive to the students’ actions, questioning their responses and promoting reflections
and arguments about their interpretations and solutions. The teacher also evoked his own experience
as a food engineer to describe examples and confront students’ reflections on their learning process
and on the usefulness of the model for the professional field.

In the perspective of Giere [14], the notion of a mathematical model involves a triadic relationship
among an object to be modeled (relationship between the process of moisture removed and other
variables), a representation (algebraic and graphical equation) and a user (food professional). Similarly
to the case reported by Villa-Ochoa [13], students acted like other users who, in addition to refining
their mathematical knowledge, were able to understand the phenomenon in greater detail; besides,
they carried out a set of actions (Table 4) that keep some similarity with professional practice.
These actions provide evidence of horizontal relationships between mathematical training and
engineering knowledge [15]. These facts provide evidence that in mathematics classes it is possible to
design environments that contribute to the reduction of gaps between the teaching of mathematics and
engineering [2]. In this sense, the model analysis provided an authentic learning scenario. According
to a review by Strobel and colleagues [3], authenticity can be observed in the relations that students
perceive between the practices they are carrying out and the usefulness of those practices; for those
authors, an example of authentic learning design occurs when students engage in expert-like activities
(design, scientific research) related to ‘real world’ cases and problems.
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6. Conclusions and Future Research

Two conclusions stand out as outcomes of this article. The first important conclusion is that
the analysis of mathematical models offers opportunities to promote covariational interpretations of
functions and their graphs. This kind of analysis has been advised as necessary in the mathematical
training of students at different schooling levels. This was evident in the students’ reasoning, the creation
of strategies to understand the effects that different variables have on a dependent variable, and the
use of GeoGebra for analysis. In this regard, it is worth noting that the results and conclusions that
were extracted from the model were linked to the meanings, experiences, and interpretations of food
phenomena. Likewise, it is highlighted that the interpretations and uses that the students made of the
mathematical model were strongly influenced by the graphic nature of the model and by the activities
that were carried out to understand the phenomenon. Based on these characteristics, the analysis of
mathematical models can offer opportunities to promote covariational reasoning in located practices of
the profession.

The second important conclusion is that the analysis of mathematical models offers opportunities
for students to understand and carry out actions that are related to future practices of their professional
field. In this sense, the analysis of mathematical models offers opportunities for authentic learning.
In the case of this study, the analysis of mathematical models allowed an integrated vision of
mathematics and engineering. The importance of this articulation lies in the fact that students get the
ability to use different characteristics and capacities to generate explanations and interpretations that
allow them to comprehend the models used and analyzed.

This study highlights the intention not only to bring a mathematical model from engineering
with motivational purposes, but also to introduce or produce a concept or to produce utilitarian
ideas. The teaching experiments were designed to unveil the role of non-mathematical knowledge that
emerges and is used in a modelling process. This research encourages researchers to produce other
studies showing implications of promoting situations in which mathematics, engineering, and other
contexts are linked with no one aspect being subordinated to another. An important challenge for
future researches consists of analyzing the possibilities offered by mathematical modeling in other
mathematics courses of engineering programs. Additionally, other challenges arise in relation to the
choice of models, the design of the environments, and its integration to the mathematics curriculum in
those programs.
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